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The Learning Task

m Glven training examples and their labels

m Predict the label of new test examples

chosen from the same distribution as the
training data
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Some Definitions

Training Data: labeled examples given to a learner
Test Data: examples whose label a learner must predict

Training Error: the prediction error of the final hypothesis
on the training data

Generalization Error: the true prediction error of the final
hypothesis on new data.

Test Error: the prediction error of the final hypothesis on
the test data (an estimate of the generalization error)

Hypothesis: the prediction rule a learner forms based on
training data to predict on new data
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An Example of the Task

Training data.
(1,1,0,0,1) -> 1 (0,0,0,0,1) >0
(1,0,0,1,1) ->0 (0,0,1,0,0) -> 0
(0,1,0,0,1) -> 1 0,1,1,1,1) > 1

Test data:
(1,1,1,1,1) (0,1,1,1,0)
(1,0,0,0,0) (0,0,1,1,1)



Overfitting
Training Data
(1,1,0,0,1) -> 1 (0,0,0,0,1) -> 0
(1,0,0,1,1) -> 0 (0,0,1,0,0) -> 0
(0,1,0,0,1) -> 1 0,1,1,1,1) -> 1

Rule 1:
(XIX2-X3-X4X5) V (-X1X2-X3-X4X5) V (-X1x2x3Xx4X5)

Occam's Razor says we should pick rule 2
Rule 2 comes from a smaller hypothesis space
Rule 1 overfits the training data
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The ldea of Boosting

m Combine many “moderately inaccurate” base
classifiers (do better than chance) into a
combined predictor (that predicts arbitrarily well)

m Generate a new base classifier in each round
m Constantly focus on the hardest examples

m The final predictor is the weighted vote of the
base classifiers



The Main Characters

m X = atraining example
m Yy = its |label

m T =the number of rounds of boosting

m t = the current round of boosting

m M = the number of training examples

m D = the weight distribution on training examples

mh=t
me=1
mQq=t
md=t

ne hypothesis

ne error of the hypot
ne voting weight of t
ne vc dimension of t

nesis
ne hypothesis

ne base learner
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More Formally...

Given: (z1,41),- -+, (Tm,ym) Wwherez; € X, y; € Y = {—1,+1}
Initialize Dy (i) = 1/m.

Fort=1,...,T: AdaBoost (Freund, Schapire)
1 —e€
e Train base learner using distribution D). ap = % In ( Ft)
e Get base classifier h; : X — R. €
e Choosea; € R. <
e Update:
Dy(i)e S ihe (5
Dyoi (i) = t(t)FXP(Zafﬂ; 1(zi))
t
where Z; 1s a normalization factor (chosen so that D, ; will be a distribu-
tion).

Output the final classifier:

T
H(zx) = sign (Z atht(m)) .

t=1
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An Example
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" S
An Example

We classified our training data correctly!

But wait — what did we accomplish?
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Relating to Generalization Error

(Freund and Schapire)
whp, the generalization error is less than

f’r[H(m)%y]Jré( T_d)

f N
empirical probability of hiding log factors

getting a training example
wrong

14
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Bounding the Empirical Training Error

Theorem: Pr[H(z) #y] < Hzf

Lemma: Drii(z) = Pxp( Jif(%)) where f(z:) = 31—y ot - he(a:)

 Dr(2) - exp(—aryihr(z;))
47
Drp_1(1) - exp(—ap_1yihr_1(x;)) - exp(—apy;hr(z;))
Zr-1- 47

1 exp(—yi - D ache(zi))
m 11, Z:
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Bounding Training Error (continued)

Pr(H(z) #y] = — Y lu#H)]
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Choosing Alpha

Z, = E:Dt e~ vihi(zy)

= Z D,(i)-e™+ 3 Dii)-e

ithe(xq)Fyq i:he (i )=y

€ et 4+ (1 —€ )7,

so if we choose alpha so that Z, is minimized, we get AdaBoost

11 1—Et
fy = — 111
: 2 €4
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Training Error Drops Exponentially

we define gamma to be the “edge,” or how much better than
random a weak learner is performing:

Ve = 1/2 — €.

then our choice of alpha gives:
12 =11 [21,.'“ er(1 — F—t]] = [[V1 -4} < exp (—Ezfrf)
f t : :

therefore the training error falls exponentially in T:

PriH(z) #y) < [[2 < e 277
3
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Back to the Bound

whp, the generalization error is less than

f’r[H(m)%y]Jré( T_d)

m
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We Would Expect Overfitting

Test
error

error

Training
error

number of rounds
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However...

Test
error

i _—

/

Training ' 10 100 1000
error # rounds

[Drucker & Cortes; Breiman; Quinlan, ...]
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The Margin

m The margin of a classifier on an example:

margin = (weighted fraction of base classifiers voting
for correct label) — (weighted fraction voting for
Incorrect label)

magnitude represents the confidence of the vote

positive if the vote gives the correct classification.
Otherwise it's negative.

margin on example i = yif(x) where f(z;) = 1y ar - he(z;)

m Margins are measured over training examples

22
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A Margin Bound

m A later bound relied on the margins the
classifier achieved on the training
examples and not on the number of
rounds of boosting. [Schapire et. al. '98]

the generalization error is at most: the VC dimension
of the base classifier

Pr [marginf(:sj y) <0
A\ ~ J
/
Fraction training
examples number of training
with margin below examples
theta

for any value
of theta 23



Proof (sketch) of Margin Bound

We define the convex hull C to be the set of mappings that can be generated by
taking a weighted average Iif classifiers from H

C = {f T Z aph(z) |ap > 0; Zﬂ,h = 1 }
h

heH

We define C to be the set of unweighted averages over N elements from H

h; € H}

We use P, ) p[A] to denote the probability of the event A when the example
(x,y) is chosen according to D (the distribution from which examples are
generated). This is abbreviated Py[A]

1 &
Cn = {f A ?Zhg(:r)
Y=t

We use P, ) s[A] to denote the probability with respect to choosing an
example uniformly at random from the training set. This is abbreviated P¢[A]

24
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Proof of Margin Bound (part 2)

We let f be a majority vote classifier from C.

By choosing N elements independently at random according to this
distribution, we can generate an element of C,,.

A function g in C, distributed according to Q is selected by choosing h,,...,h
at random according to coefficients a;..

Since for any from events A and B

P[A]=P[BNA]+P [Bm 1] <P[B]+P[BnA

wehave / / / ]

Pp [yf(z) < 0] < Pp [yg(z) < 6/2] + Pp [yg(z) > 0/2,yf(z) < 0]
nce this holds " < Ppyeo [yg(2) < 0/2] +Popyag [yg(x) > 0/2,yf(z) < ]
f(')?(;eny ;’ W(; Csan = Eyvo [Pp[yg(z) < 0/2]] + Ep [Pyno [yg(z) > 8/2,yf(2) < 0]]

take exp val of < Eyno [Pp[yg(z) < 0/2]] + Ep [Pyao[yg(z) > 6/2 | yf(a ) 0]]

rhs wrt Q and get 25



Proof of Margin Bound (part 3)

from the previous slide, we have

Pp [yf(z) <0] < Eyng [Pp[yg(z) < 0/2]] + Ep [Pyno [yg(z) > 6/2 | yf(z) < 0]]
we now bound both terms on the rhs separately.

Since f(z) =E,~o [g(z)] the probability in the expectation is that the avg over

N draws is larger than its expected value by more than ©/2. A Chernoff
bound yields:

P,o[yg(z) > 8/2 | yf(z) < 0] < e N/

For the first term we use the union bound (and a Chernoff bound). The
probability over choices of S that there is a g and © for which

Pn [yg ‘{ 9/2] > Pg [yg { HfZ] + €N

IS at most (N + 1)[Cnle2m%

\ ¥ Chernoff bound

bound on the number of such choices
26
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Proof of Margin Bound (part 4)

so If we set

en = \/(1/2m) In((N + D)|H|N /6y)
we take expectation wrt Q, we get that with probability | — fm

Pp o [yg() < 0/2] < Psyuglyg(e) < 0/2] +ex

To finish the argument, we relate the fraction of the training set for which
yg(x) < ©/2 to the probability that yf(x) < ©. We do this by the technique from
the beginning.

P[A]=P[BN. 1]—|—P Hﬁ 1 <P[B]+P BﬂA

/ //\

Psg~o [yg(z) < 6/2] Psgno [yf(z) < O]+ Psguo [yg(z) <0/2,yf(x
Ps[yf(z) < 0] + Es [P0 [yg(z) < 0/2,yf(2 ) ]]
Ps[yf(z) < 0] +Es [P,uo [yg(z) <0/2 | yf(z) > 6]]

A IA

27
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Proof of Margin Bound (part 5)

from the previous slide we have:

Psgnolyg(z) <0/2] < Pslyf(z) < 0]+ Es [Pyoo[yg(x) < 6/2[yf(z) > 6]]

Again, using Chernoff bounds, we have:

P, [yg(x) < 6/2 | yf(z) > 6] < e NO/S

If we set &y =46/(N(N+1)) and if we combine the equations above (and
before), we get that for all © > 0 and N = 1 with probability at least 1 — ¢

l (N(N+ 1)2|?£|N)

Pp [yf(z) < 0] < Ps[yf(e) < 6] +2e7N/5 ¢ V2zm 5

setting N = |(4/6%) In(m/In|H|)| gives

og T 10 1/2
Po [yf[:r)i-‘iU]iiPs[yf[E)iif’]JrO(v}ﬁ(lg R 1 1og1/6) ) )

O
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AdaBoost’s Minimum Margins

0.6

AdaBoost Minimum Margins

(- 057
c 0.4 -
c 0.3

-
e 0.2 -
-
= 0.1

5 100 1000

round
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The Margins Explanation

A . the VC dimension
Pr [margm f(:s, y) < — 5 | of the base classifier
~ Y - j

—
Fraction training

examples with margin
below theta

for any value

number of training
of theta

examples

m AdaBoost pushes the cumulative margins
distribution towards higher margins.

m All things being equal, higher margins
mean lower generalization error. 30



" JEE
arc-gv |Breiman 98]

m motivated by the margins explanation

arc-gv’'s minimum margin provably converges
to the optimal

one line difference from AdaBoost

the minimum margin
on any example of
2 7 & 2 " 1-vo the combined vote
thus far

m Breiman’s reasoning: higher minimum
margin would imply lower test error

31
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The Experiments

m Data: Breast cancer, ionosphere, and splice
From UCI
Same natural datasets as Breiman used

m Data: ocr 17/, ocr 49

Random subsets from NIST
Scaled to 14x14 points

m Binary classification
m Use 16-leaf CART trees as base classifiers

32



Data: the Margins

1.2
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Cumulative margins: 500 rounds of boosting on the “breast cancer”
dataset using pruned CART trees as weak learners.



"
The Minimum Margins

Minimum margins of AdaBoost and arc-gv with pruned

CART trees as base classifiers

minimum margin

1.2

1

o
o

o
o

o
LN
|

Q
N

o
|

B AdaBoost
@ arc-gv

cancer ionosphere  ocr 17 ocr 49 splice
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Data: the Errors

Test errors of AdaBoost and arc-gv with pruned CART
trees as base classifiers

percent error

O Frr N W » Ol O N 0O ©

B AdaBoost
@ arc-gv

cancer lonosphere ocr 17 ocr 49 splice
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Doubting the Margins Explanation

m arc-gv has uniformly higher margins than
AdaBoost with pruned CART trees.

m the margins explanation predicts that arc-gv
should perform better, but instead arc-gv
performs worse.

m Breiman’s experiment put the margins theory
INto serious doubt

36



Reconciling with Margins Theory?

i | (| d
Pr [margmf(m?y) < 9] + O ( m)

m Margin bound depends on the entire
distribution — not just minimum margin.

But arc-gv’'s margins were uniformly bigger!

® arc-gv may generate bigger, more complex
CART trees.

But they were pruned to 16 leaves.

37



Another Look at the Margins Bound

N\

Pr [margiﬂf($: y) < 9] +0 mict?)?

m Maybe tree size Is too crude a measure of
complexity

m |ldea: use tree depth as complexity measure
[Mason et. al. '02]

38
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Measuring Tree Depth

10.00
9.00
8.00
7.00
6.00
5.00
4.00
3.00
2.00
1.00
0.00

tree depth

Average Tree Depths

B AdaBoost

breast cancer

@ arc-gv

lonosphere ocr 17

ocr 49 splice
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Counting Trees

m \We can upper bound the VC-dimension of a
finite space of base classifiers H by Ig |H]|.

m Measuring complexity is essentially a
matter of counting how many trees there
are of bounded depth.

40
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Trees of Bounded Depth

111111

888888

EEEEEE

Number of trees

444444

222222

tree dépth
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Tree Depth vs Number of Rounds

10 | | |
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X
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cumulative average tree depth
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rounds
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Another Measure of Tree Complexity

m |dea: difference between training and test error tends
to be bigger for higher complexity classifiers.

12
©
&
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c
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o . .
cancer ionosphere ocr 17 ocr 49 splice

differences of test and training errors per generated tree averaged over all

CART trees in 500 rounds of boosting (over 10 trials) 43



The margins explanation basically says that
when all other factors are equal, higher margins
result in lower error.

Given that arc-gv tends to choose trees of higher
complexity, its higher test error no longer
gualitatively contradicts the margin theory.

What if we control complexity?

Let’s try decision stumps as base classifiers

44
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Controlling Classifier Complexity:

Decision Stumps

test error

12

B AdaBoost

cancer

@ arc-gv

ionosphere ocr 17 ocr 49 splice
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Decision Stumps
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The minimum margin is bigger for arc-gv, but the
overall margins distribution is higher for AdaBoost
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Discussion

m Breiman’s results may not actually contradict the
margins theory.

m Margins are important, but not always at the
expense of other factors.

m Slightly different boosting algorithms can cause
radically different behavior in their generated
base classifiers.
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Open Questions

m So far, unable to find weak learner of constant
complexity with uniformly greater margins
distribution for arc-gv than AdaBoost. Does one
exist?

m Can we design better boosting algorithms —
maximizing average margin?

m Can we prove better (margin) bounds?

48



